
Preface

Mathematicallinguisticsis rootedboth in EuclidÕs (circa325Ð265BCE) axiomatic
methodand in Pøan. iniÕs (circa 520Ð460BCE) methodof grammaticaldescription.
To be sure,both Euclid and Pøan. ini built upon a considerablebody of knowledge
amassedby their precursors,but thesystematicity, thoroughness,andsheerscopeof
theElementsandtheAsht.øadhyøayøõwould placethemamongthegreatestlandmarks
of all intellectualhistoryevenif wedisregardedthekey methodologicaladvancethey
made.

As we shallsee,thetwo methodsarefundamentallyvery similar: theaxiomatic
methodstartswith asetof statementsassumedto betrueandtransferstruth from the
axiomsto otherstatementsby meansof aÞxedsetof logical rules,while themethod
of grammaris to startwith a setof expressionsassumedto begrammaticalboth in
form andmeaningandto transfergrammaticality to otherexpressionsby meansof a
Þxedsetof grammaticalrules.

Perhapsbecauseour subjectmatterhasattractedtheefforts of someof themost
powerful minds(of whom we singleout A. A. Markov here)from antiquity to the
presentday, thereis no single easily accessibleintroductorytext in mathematical
linguistics.Indeed,to the mathematicianthe whole Þeldof linguisticsmay appear
to behopelesslymiredin controversy, andneithertheformidablebodyof empirical
knowledgeaboutlanguagesnor the standardsof linguistic argumentationoffer an
easyentrypoint.

Thosewith amorepostmodernbentmayevengoasfarasto doubttheexistence
of a solid coreof mathematicalknowledge,oftenpointingat thefalsetheoremsand
incompleteor downright wrong proofsthat slip throughthe peerreview processat
a perhapsalarmingrate.Ratherthanattemptingto drown suchdoubtsin riversof
philosophicalink, the presentvolumewill simply proceedmore geometricoin ex-
hibiting this solid coreof knowledge.In Chapters3Ð6,a mathematicaloverview of
thetraditionalmainbranchesof linguistics,phonology, morphology, syntax,andse-
mantics,is presented.
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Who should readthis book?

The book is accessibleto anyone with sufÞcient generalmathematicalmaturity
(graduateor advancedundergraduate).No prior knowledgeof linguistics or lan-
guagesis assumedon the part of the reader. The book offers a singleentry point
to thecentralmethodsandconceptsof linguisticsthataremadelargely inaccessible
to themathematician,computerscientist,or engineerby thesurprisinglyadversarial
style of argumentation(seeSection1.2), the apparentlack of adequatedeÞnitions
(seeSection1.3),andtheproliferationof unmotivatednotationandformalism(see
Section1.4)all too oftenencounteredin researchpapersandmonographsin thehu-
manities.Thoseinterestedin linguisticscanlearnagreatdealmoreaboutthesubject
herethanwhatis coveredin introductorycoursesjust from readingthroughthebook
andconsultingthereferencescited.Thosewho planto approachlinguistics through
thisbookshouldbewarnedin advancethatmany branchesof linguistics,in particular
psycholinguistics,child languageacquisition,andthestudyof languagepathology,
arelargely ignoredhereÐnot becausethey areviewedasinferior to otherbranches
but simplybecausethey donotoffer enoughgrist for themathematicianÕsmill. Much
of whatthelinguistically naive readermayÞndinterestingaboutlanguageturnsout
to bemorepertinentto cognitive science,thephilosophy of language,andsociolin-
guistics,thanto linguisticsproper, andtheIntroductiongivestheseissuestheshortest
possibleshrift, discussingthemonly to theextentnecessaryfor disentangling math-
ematicallinguisticsfrom otherconcerns.

Conversely, issuesthatlinguistssometimesview asperipheralto their enterprise
will getmorediscussionheresimply becausethey offer sucha rich varietyof math-
ematicaltechniquesandproblemsthatno bookon mathematicallinguisticsthat ig-
noredthemcouldbeconsideredcomplete.After abrief review of informationtheory
in Chapter7, we will devoteChapters8 and9 to phonetics,speechrecognition,the
recognitionof handwritingandmachineprint, andin generalto issuesof linguistic
signalprocessing andpatternmatching,including informationextraction,informa-
tion retrieval, andstatisticalnaturallanguageprocessing.Our treatmentassumesa
bit moremathematicalmaturity thantheexcellenttextbooksby Jelinek(1997)and
ManningandSch¬utze(1999)andintendsto complementthem.Kracht(2003)conve-
niently summarizesandextendsmuchof thediscrete(algebraicandcombinatorial)
work onmathematicallinguistics.It is only becauseof thetimely appearanceof this
excellent referencework that the Þrstsix chapterscould be kept to a manageable
sizeandwe coulddevotemorespaceto thecontinuous(analyticandprobabilistic)
aspectsof the subject.In particular, expositorysimplicity would often dictate that
wekeeptheunderlyingparameterspacediscrete,but in thelaterchapterswewill be
concentratingmoreon the caseof continuousparameters,anddiscussthe issueof
quantizationlossesexplicitly.

In the early daysof computers,therewasa greatdealof overlapbetweenthe
concernsof mathematicallinguisticsandcomputerscience,andasurprisingamount
of work that began in oneÞeldendedup in the other, sometimesexplicitly aspart
of computationallinguistics,but oftenasgeneraltheorywith its rootsin linguistics
largely forgotten.In particular, the basictechniquesof syntacticanalysisarenow
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Þrmly embeddedin the computersciencecurriculum,andthe studentcanalready
choosefromalargevarietyof textbooksthatcoverparsing,automata,andformallan-
guagetheory. Herewe singleout theclassicmonographby Salomaa(1973),which
shows the connectionto formal syntaxin a way readily accessibleto the mathe-
matically mindedreader. We will selectively cover only thoseaspectsof this Þeld
thataddressspeciÞcallylinguistic concerns,andagain our guidingprinciplewill be
mathematicalcontent,asopposedto algorithmicdetail.Readersinterestedin theal-
gorithmsshouldconsultthe many excellentnaturallanguageprocessingtextbooks
now available,of whichwesingleoutJurafsky andMartin (2000,with anew edition
plannedin 2007).

How is the book organized?

To theextentfeasiblewe follow thestructureof thestandardintroductorycoursesto
linguistics,but theemphasiswill oftenbeon pointsonly coveredin moreadvanced
courses.Thebookcontainsmany exercises.Theseare,for themostpart,ratherhard
(over level 30 in thesystemof Knuth 1971)but extremelyrewarding.Especiallyin
the later chapters,the exercisesareoften basedon classicalandstill widely cited
theorems,so the solutionscanusuallybe found on the web quite easilysimply by
consultingthe referencescited in the text. However, readersare strongly advised
not to follow this routebeforespendingat leasta few daysattackingthe problem.
Unsolvedproblemspresentedasexercisesaremarkedby anasterisk,a symbolthat
we also usewhen presentingexamplesand counterexamplesthat native speakers
would generallyconsiderwrong (ungrammatical):Scorseseis a great director is
a positive (grammatical) examplewhile *Scorsesea great director is is a negative
(ungrammatical)example. Someexercises,markedby adagger! , requiretheability
to manipulatesizeabledatasets,but no in-depthknowledgeof programming,data
structures,or algorithmsis presumed.Readerswho write codeeffortlesslywill Þnd
theseexerciseseasy, asthey rarelyrequiremorethanafew simplescripts.Thosewho
Þndsuchexercisesproblematiccanomit thementirely. They mayfail to gain direct
appreciationof someempiricalpropertiesof languagethatdrivemuchof theresearch
in mathematicallinguistics,but theresearchitself remainsperfectlyunderstandable
evenif themotivationis takenon faith.A few exercisesaremarkedby a raisedM Ð
thesearemajorresearchprojectsthereaderis notexpectedto seeto completion,but
spendinga few dayson themis still valuable.

Becausefrom time to time it will benecessaryto give examplesfrom languages
thatareunlikely to be familiar to theaverageundergraduateor graduatestudentof
mathematics,we decided,somewhatarbitrarily, to split languagesinto two groups.
Major languagesarethosethathaveachapterin ComrieÕs(1990)TheWorldÕsMajor
LanguagesÐthesewill befamiliar to mostpeopleandareleft unspeciÞedin thetext.
Minor languagesusuallyrequiresomedocumentation,bothbecauselanguagenames
aresubjectto agreatdealof spellingvariationandbecausedifferentgroupsof people
mayusevery differentnamesfor oneandthesamelanguage.Minor languagesare
thereforeidentiÞedhereby their three-letterEthnologuecode(15th edition,2005)
givenin squarebrackets[].
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Eachchapterendswith a sectionon further reading.We have endeavored to
make the central ideasof linguistics accessibleto thosenew to the Þeld,but the
discussionofferedin thebookis oftenskeletal,andreadersareurgedto probefurther.
Generally, werecommendthosepapersandbooksthatpresentedtheideafor theÞrst
time, not just to give propercreditbut alsobecausetheseoftenprovide perspective
andinsightthatlaterdiscussionstake for granted.Readerswho industriouslyfollow
the recommendationsmadehereshoulddo so for the beneÞtof learningthe basic
vocabulary of the Þeldratherthanin the belief that suchreadingwill immediately
placethemat theforefrontof research.

Thebestwayto readthisbookis to startat thebeginningandto progresslinearly
to theend,but thereaderwho is interestedonly in aparticularareashouldnotÞndit
toohardto jump in at thestartof any chapter. To facilitateskimmingandalternative
readingplans,a generousamountof forward andbackward pointersareprovided
Ð in a hypertext edition thesewould be replacedby clickable links. The material
is suitablefor anaggressively pacedone-semestercourseor a moreleisurelypaced
two-semestercourse.
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1

Intr oduction

1.1 The subjectmatter

What is mathematicallinguistics? A classicbook on the subject,(Jakobson1961),
containspaperson a variety of subjects,including a categorial grammar(Lambek
1961), formal syntax(Chomsky 1961,Hiúz 1961), logical semantics(Quine1961,
Curry 1961), phoneticsand phonology(Petersonand Harary 1961, Halle 1961),
Markov models(Mandelbrot1961b),handwriting(Chao1961,Eden1961),parsing
(Oettinger1961,Yngve 1961),glottochronology (Gleason1961),andthe philoso-
phy of language(Putnam1961),aswell asa numberof papersthatareharderto Þt
into our currentsystemof scientiÞcsubÞelds,perhapsbecausethereis a void now
whereoncetherewascyberneticsandsystemstheory(seeHeims1991).

A goodway to understandhow theseseeminglysodisparateÞeldscohereis to
proceedby analogyto mathematicalphysics.Hamiltoniansreceiveagreatdealmore
mathematicalattentionthan,say, thestudyof generalizedincompleteGammafunc-
tions, becauseof their relevanceto mechanics,not becausethe subjectis, from a
purelymathematicalperspective,necessarilymoreinteresting.Many partsof math-
ematicalphysicsÞnda naturalhomein thestudyof differentialequations,but other
partsÞt muchbetterin algebra,statistics,andelsewhere.As we shallsee,thesitua-
tion in mathematicallinguisticsis quitesimilar: many partsof thesubjectwould Þt
nicely in algebraandlogic, but therearemany othersfor which methodsbelonging
to otherÞeldsof mathematicsaremoreappropriate.Ultimately thecoherenceof the
Þeld,suchasit is, dependson thecoherenceof linguistics.

Becauseof theenormousimpactthattheworksof NoamChomsky andRichard
Montaguehadon the postwar developmentof the discipline,thereis a strongten-
dency, observableboth in introductorytexts suchasParteeet al. (1990)andin re-
searchmonographssuchasKracht(2003),to simplyequatemathematicallinguistics
with formal syntaxandsemantics.Herewe take a broaderview, assigningsyntax
(Chapter5) andsemantics(Chapter6) no greaterscopethanthey would receive in
any book that covers linguistics as a whole, and devoting a considerableamount
of spaceto phonology(Chapter2), morphology(Chapter3), phonetics(Chapters8
and9), andotherareasof traditionallinguistics.In particular, we make surethatthe
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readerwill learn(in Chapter7) thecentralmathematicalideasof informationtheory
andalgorithmiccomplexity thatprovide the foundationsof muchof thecontempo-
rarywork in mathematicallinguistics.

This doesnot mean,of course,that mathematicallinguisticsis a disciplineen-
tirely withoutboundaries.Sincealmostall socialactivity ultimatelyrestson linguis-
tic communication,thereis agreatdealof temptationto reduceproblemsfrom other
Þeldsof inquiry to purelylinguisticproblems.Insteadof understandingschizoidbe-
havior, perhapswe shouldÞrstponderwhat thephrasemultiplepersonalitymeans.
Mathematicsalreadyprovidesareasonablenotionof ÔmultipleÕ,but whatis Ôperson-
alityÕ,andhow cantherebemorethanoneperperson?Cana properunderstanding
of thesufÞxes-al and-ity bethekey? This line of inquiry, predatingtheSchoolmen
andgoingbackat leastto thechengming (rectiÞcationof names)doctrineof Con-
fucius, hasa clearandconvincing rationale(TheAnalects13.3,D.C. Lau transl.):

Whennamesarenot correct,what is saidwill not soundreasonable;when
whatis saiddoesnotsoundreasonable,affairswill notculminatein success;
whenaffairsdo not culminatein success,ritesandmusicwill not ßourish;
whenrites andmusicdo not ßourish,punishmentswill not Þt the crimes;
whenpunishmentsdo not Þt thecrimes,thecommonpeoplewill not know
whereto puthandandfoot. Thuswhenthegentlemannamessomething,the
nameis sureto beusablein speech,andwhen hesayssomethingthis is sure
to be practicable.The thing aboutthe gentlemanis that he is anything but
casualwherespeechis concerned.

In reality, linguistics lacks the resolvingpower to serve as the ultimate arbiter of
truth in thesocialsciences,just asphysicslacksthe resolvingpower to explain the
accidentsof biological evolution that madeus human.By applying mathematical
techniqueswe canat leastgain someunderstandingof the limitations of the enter-
prise,andthis is whatthis booksetsout to do.

1.2 Cumulativeknowledge

It is hardto Þndany aspect of linguisticsthat is entirelyuncontroversial,andto the
mathematicianlesssteepedin the broadtradition of the humanitiesit may appear
that linguistic controversiesareoften settledon purely rhetoricalgrounds.Thus it
mayseemadvisable,andonly fair, to give bothsidesthefull opportunityto express
theirviewsandlet thereaderbethejudge.But suchabookwouldrunto thousandsof
pagesandwouldbeof farmoreinterestto historiansof sciencethanto thoseactually
intendingto learnmathematicallinguistics.Thereforewewill notnecessarilyaccord
equalspaceto bothsidesof suchcontroversies;indeedoftenwewill presentasingle
view andwill proceedwithoutevenattemptingto discussalternativewaysof looking
at thematter.

Sincepart of our goal is to orient the readernot familiar with linguistics,typi-
cally wewill presentthemajorityview in detailanddescribetheminority view only
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tersely. For example,Chapter4 introducesthe readerto morphologyandwill rely
heavily on the notion of the morphemeÐthe excellentbook by Anderson(1992)
denying theutility, if not theveryexistence,of morphemes,will berelegatedto foot-
notes.In somecases,whenwe feel that the minority view is the correctone, the
emphasiswill be inverted:for example,Chapter6, dealingwith semantics,is more
informedby theÔsurfacecompositionalÕthantheÔlogicalformÕview. In othercases,
particularlyin Chapter5, dealingwith syntax,wefelt thatsuchabewilderingvariety
of frameworksis availablethatthereaderis betterservedby animpartialanalysisthat
tries to bring out thecommoncorethanby in-depthformalizationof any particular
strandof research.

In general,our goal is to presentlinguisticsasa cumulative bodyof knowledge.
In orderto Þnda consistentsetof deÞnitionsthatoffer a rationalreconstructionof
the main ideasand techniquesdevelopedover the courseof millennia, it will of-
ten be necessaryto take sidesin variouscontroversies.Thereis no pretensehere
thatmathematicalformulationwill necessarilyendow a particularsetof ideaswith
greaterverity, andoften the opposingview could be formalizedjust aswell. This
is particularlyevident in thosecaseswheretheoriesdiametricallyopposedin their
meansactuallyshareacommongoalsuchasdescribingall andonly thewell-formed
structures(e.g.syllables,words,or sentences)of languages.As a result,we will see
discussionsof many ÔminorityÕtheories,suchascasegrammaror generativeseman-
tics, which aregenerallybelieved to have lessformal contentthantheir ÔmajorityÕ
counterparts.

1.3 DeÞnitions

For the mathematician,deÞnitionsare nearly synonymouswith abbreviations: we
sayÔtriangleÕinsteadof describingthepeculiararrangementof pointsandlinesthat
deÞneit, ÔpolynomialÕinsteadof goinginto a long discussionaboutterms,addition,
monomials,multiplication,or theunderlyingring of coefÞcients,andso forth. The
only sanitycheckrequiredis to exhibit aninstance,typically anexplicit set-theoretic
construction,to demonstratethatthedeÞnedobjectindeedexists.Quiteoften,coun-
terfactualobjectssuchas the smallestgroup K not meeting somedescription,or
objectswhoseexistenceis not known, suchasthe smallestnontrivial root of ! not
on thecritical line, will play animportantrole in (indirect)proofs,andoccasionally
weÞndcases,suchasmotiviccohomology, wherethewholeconceptualapparatusis
in doubt.In linguistics,thereis rarely any seriousdoubtaboutthe existenceof the
objectsof inquiry. Whenwe strive to deÞneÔwordÕ,we give a mathematicalformu-
lation not somuchto demonstratethatwordsexist, for we know perfectlywell that
we usewordsbothin spokenandwritten language,but ratherto handletheoddand
unexpectedcases.Thereaderis invited to constructa deÞnitionnow andto write it
down for comparisonwith theeventualdeÞnitionthatwill emergeonly afterarather
complex discussionin Chapter4.

In this respect,mathematicallinguisticsis verymuchlike theempiricalsciences,
whereformulatingadeÞnitioninvolvesat leastthreedistinctsteps:anostensivedef-
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inition basedon positive andsometimesnegative examples(vitriol is anacid,lye is
not), followedby anextensivedeÞnitiondelineatingtheintendedscopeof thenotion
(every chemicalthat forms a salt with a baseis an acid), andthe intensivedeÞni-
tion thatexposestheunderlyingmechanism (in this case,covalentbonds)emerging
ratherlateasa resultof a longprocessof abstractionandanalysis.

Throughoutthe book, the Þrst signiÞcantinstanceof key notions will appear
in italics, usuallyfollowedby ostensive examplesandcounterexamplesin thenext
few paragraphs.(Italics will alsobe usedfor emphasisandfor typesettinglinguis-
tic examples.)The empiricalobservablesassociatedwith thesenotionsarealways
discussed,but textbook deÞnitionsof an extensive sort are rarely given. Rather, a
mathematicalnotion that servesasa stand-inwill bedeÞnedin a rigorousfashion:
in the deÞningphrase,the samenotion is given in boldface. Wherean adequate
mathematicalformulationis lackingandweproceedby sheeranalogy, thekey terms
will be slantedÐsuchcasesarebestthoughtof asopenproblemsin mathematical
linguistics.

1.4 Formalization

In mathematicallinguistics,asin any branchof appliedmathematics,theissueof for-
malizingsemiformallyor informally statedtheoriescomesup quiteoften.A prime
exampleis the studyof phrasestructure,whereChomsky (1956) took the critical
stepof replacingtheinformally developedsystemof immediateconstituentanalysis
(ICA, seeSection5.1) by the rigorouslydeÞnedcontext-free grammar(CFG, see
Section2.3) formalism.Besidesimproving our understandingof naturallanguage,
a worthy goal in itself, the formalizationopenedthe door to the moderntheoryof
computerlanguagesandtheircompilers.This is not to saythateveryadvancein for-
malizinglinguistic theoryis likely to haveasimilarly spectacularpayoff, but clearly
the informal theoryremainsa treasure-houseinasmuchasit capturesimportant in-
sightsaboutnaturallanguage.While notentirelycomparableto biologicalsystemsin
ageanddepth,naturallanguageembodiesasigniÞcantamountof evolutionaryopti-
mization,andartiÞcialcommunicationsystemscanbeneÞtfrom thesedevelopments
only to theextentthattheinformal insightsarecapturedby formalmethods.

The quality of formalization dependsboth on the degreeof faithfulnessto the
original ideasandon the mathematicaleleganceof the resultingsystem.Because
the properchoiceof formal apparatusis often a complex matter, linguists, even
thoseasevidently mathematical-mindedasChomsky, rarely describetheir models
with full formal rigor, preferringto leave the job to the mathematicians,computer
scientists,andengineerswho wish to work with their theories.Choosingthe right
formalismfor linguistic rulesis oftenvery hard.Thereis hardlyany doubtthat lin-
guistic behavior is governedby ratherabstractrulesor constraintsthat go well be-
yond what systemslimited to memorizingpreviously encounteredexamplescould
explain. Whethertheseruleshave a stochasticaspectis far from settled:engineer-
ing applicationsaredominatedby modelsthatcrucially rely on probabilities, while
theoreticalmodels,with thenotableexceptionof thevariablerulesusedin sociolin-
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guistics(seeSection5.4.3),rarelyincludeconsiderationsrelating to thefrequency of
variousphenomena.Theonly way to shedlight on suchissuesis to developalterna-
tive formalizationsandcomparetheirmathematicalproperties.

Thetensionbetweenfaithfulnessto theempiricaldetailsandtheeleganceof the
formal systemhaslong beenfamiliar to linguists:Sapir (1921)alreadynotedthat
ÒallgrammarsleakÓ.OnesigniÞcantadvantagethatprobabilisticmethodshaveover
purely symbolic techniquesis that they comewith their own built-in measureof
leakiness(seeSection5.4). It is never a trivial matterto Þndtheappropriatedegree
of idealizationin pursuitof theoreticalelegance,andall we cando hereis to offer a
coupleof convenientstand-insfor thevery realbut still somewhatelusive notionof
elegance.

The Þrststand-in,held in particularlyhigh regard in linguistics,is brevity. The
contemporarysloganof algorithmiccomplexity (seeSection7.2),thatthebesttheory
is theshortesttheory, couldhavebeeninventedby Pøan. ini. Theonly concessionmost
linguistsarewilling to make is that someof the complexity shouldbe ascribedto
principlesof universalgrammar(UG) ratherthanto theparochial rulesspeciÞcto a
givenlanguage,andsincetheuniversalcomponentcanbeamortizedovermany lan-
guages,we shouldmaximizeits explanatoryburdenat theexpenseof theparochial
component.

Thesecondstand-inis stability in thesensethatminor perturbationsof thedeÞ-
nition leadto essentiallythesamesystem.Stabilityhasalwaysbeenhighly regarded
in mathematics:for example,Birkhoff (1940)spentsigniÞcanteffort onestablishing
thevalueof latticesaslegitimateobjectsof algebraicinquiry by investigatingalter-
nativedeÞnitionsthatultimatelyleadto thesameclassof structures.Therearemany
waysto formalizeanidea,andwhensmallchangesin emphasishave a very signiÞ-
cantimpacton theformal propertiesof theresultingsystem,its mathematicalvalue
is in doubt.Conversely, whenvariantsof formalismsasdifferentasindexed gram-
mars(Aho 1968),combinatorycategorialgrammar(Steedman2001),headgrammar
(Pollard1984),and treeadjoininggrammar(Joshi2003)deÞnethe sameclassof
languages,thevalueof eachis signiÞcantlyenhanced.

Oneword of cautionis in order:the fact thatsomeideais hardto formalize,or
even seemsso contradictorythat a coherentmathematicalformulationappearsim-
possible,canbea reßectionon thestateof theart just aswell ason the ideaitself.
Startingwith Berkeley (1734), the intuitive notion of inÞnitesimalswassubjected
to all kindsof criticism, andit took over two centuriesfor mathematicsto catchup
andprovide anadequatefoundationin Robinson(1966).It is quiteconceivablethat
equallyintuitive notions,suchasa semantictheoryof information, which currently
eludeour mathematicalgrasp,will beput on Þrmfoundationsby latergenerations.
In suchcases,we contentourselveswith explaining the ideainformally, describing
themainintuitionsandpointingat possibleavenuesof formalizationonly program-
matically.
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1.5 Foundations

For thepurposesof mathematicallinguistics,theclassicalfoundationsof mathemat-
ics arequite satisfactory:all objectsof interestaresets,typically Þniteor, rarely,
denumerablyinÞnite.This is not to say that nonclassicalmetamathematicaltools
suchasHeyting algebrasÞndnousein mathematicallinguisticsbut simply to assert
thatthefundamentalissuesof thisÞeldarenot foundationalbut deÞnitional.

GiventheÞnitisticnatureof thesubjectmatter, we will in generalusetheterms
set,class,and collection interchangeably, drawing explicit cardinality distinctions
only in therarecaseswherewe stepout of theÞnitedomain.Much of theclassical
linguistic literatureof coursepredatesCantor, andeven the modernliteraturetypi-
cally conceivesof inÞnityin theGaussianmannerof apotential,asopposedto actual,
CantorianinÞnity. Becauseof immediateempiricalconcerns,denumerablegeneral-
izationsof Þniteobjectssuchas! -wordsandB¬uchi automataarerarelyused,1 and
in fact even the trivial stepof generalizingfrom a Þxed constantto arbitraryn is
oftenviewedwith greatsuspicion.

Aside from the tradition of Indian logic, the studyof languageshadvery little
impact on the foundationsof mathematics.Rather, mathematiciansrealizedearly
on that naturallanguageis a complex and in many waysunreliableconstructand
createdtheir own simpliÞedlanguageof formulasandthemathematicaltechniques
to investigate it. As we shall see,someof thesetechniquesaregeneralenoughto
coveressentialfacetsof naturallanguages,while othersscalemuchmorepoorly.

Thereis an interestingresidueof foundationalwork in theBerry, Richard,Liar,
andotherparadoxes,which areoftenviewedasdiagnosticof thevagueness,ambi-
guity, or evenÔparadoxicalnatureÕof naturallanguage.Sincethegoal is to develop
a mathematicaltheoryof language,sooneror laterwe mustdeÞneEnglishin a for-
mal system.Oncethis is done,thebuck stopsthere,andquestionslike Òwhatis the
smallestintegernotnameablein tenwords?Óneedto beaddressedanew.

We shall begin with the seeminglysimpler issueof the Þrstnumbernot name-
able in one word. Sinceit appearsto be one hundredand one,a numberalready
requiringfour wordsto name,we shouldsystematicallyinvestigatethe numberof
wordsin numbernames.Therearetwo mainissuesto consider:whatisaword?(see
Chapter4); andwhat is a name?(seeChapter6). Anotherformulationof theBerry
paradoxinvokesthenotionof syllables;thesearealsodiscussedin Chapter4. Even-
tually we will dealwith theparadoxesin Chapter6, but our treatmentconcentrates
on thelinguistic, ratherthanthefoundational,issues.

1.6 Mesoscopy

Physicistsspeakof mesoscopicsystemswhen thesecontain,say, Þfty atoms,too
largeto begivenamicroscopicquantum-mechanicaldescriptionbut toosmallfor the
classicalmacroscopicpropertiesto dominatethebehavior of thesystem.Linguistic

1 For acontraryview, seeLangendoenandPostal(1984).



1.7 Furtherreading 7

systemsaremesoscopicin the samebroadsense:they have thousandsof rulesand
axiomscomparedwith thehandfulof axiomsusedin mostbranchesof mathematics.
Grouptheoryexplorestheimplicationsof Þve axioms,arithmeticandsettheoryget
along with Þve and twelve axiomsrespectively (not countingmembersof axiom
schemesseparately),andthe mostcomplex axiom systemin commonuse,that of
geometry, haslessthanthirty axioms.

It comesasno surprisethatwith sucha largenumberof axioms,linguistic sys-
temsarenever pursuedmicroscopicallyto yield implicationsin the samedepthas
grouptheoryor evenlesswell-developedbranchesof mathematics.Whatis perhaps
moresurprisingis thatwe cangetreasonableapproximationsof thebehavior at the
macroscopiclevel usingthe statisticaltechniquespioneeredby A. A. Markov (see
Chapters7 and8).

Statisticalmechanicsowesits successlargely to thefactthatin thermodynamics
only a handfulof phenomenologicalparametersareof interest,andthesearerela-
tively easyto link to averagesof mechanicalquantities.In mathematicallinguistics
the averagesthat matter(e.g. the percentageof wordscorrectlyrecognizedor cor-
rectly translated)are linked only very indirectly to the measurableparameters,of
which thereis suchabewilderingvarietythatit requiresspecialtechniquesto decide
whichonesto employ andwhichonesto leaveunmodeled.

Macroscopictechniques,by their verynature,canyield only approximationsfor
mesoscopicsystems.Microscopictechniques,thoughin principleeasyto extendto
themesoscopicdomain,arein practicealsoproneto all kindsof bugs,rangingfrom
plainerrorsof fact(whicharehardto avoid oncewedealwith thousandsof axioms)
to moresubtle,andoftensystematic,errorsandomissions.Readersmayat thispoint
feel veryuncomfortablewith theideathatagivensystemis only 70%,95%,or even
99.99%correct.After all, isnÕt a singlecontradictionor empiricallyfalseprediction
enoughto rendera theoryinvalid?Sincewe needa wholebookto developthetools
neededto addressthis question,thefull answerwill have to wait until Chapter10.

What is clearfrom theoutsetis thatnaturallanguagesoffer anunparalleledva-
riety of complex algebraicstructures.The closestexampleswe canthink of arein
crystallographictopology, but the internalcomplexity of thegroupsstudiedthereis
a productof puremathematics,while the internalcomplexity of the syntacticsemi-
groupsassociatedto naturallanguagesis moreattractive to theappliedmathemati-
cian,asit is somethingfoundin vivo. Perhapsthemostcaptivatingaspectof mathe-
maticallinguisticsis not just theexistenceof discretemesoscopicstructuresbut the
fact that thesecomeembedded,in wayswe do not fully understand,in continuous
signals(seeChapter9).

1.7 Further reading

TheÞrstworksthatcan,from a modernstandpoint,becalledmathematicallinguis-
tics areMarkovÕs (1912)extensionof theweaklaw of largenumbers(seeTheorem
8.2.2) and ThueÕs (1914) introductionof string manipulation(seeChapter2), but
prideof placemustgoto Pøan. ini, whoseinventionsincludenot justgrammatical rules



8 1 Introduction

but alsoa formal metalanguageto describetherulesanda setof principlesgovern-
ing their interaction.For modernaccountsof variousaspectsof thesystemseeStaal
(1962,1967)Cardona(1965,1969,1970,1976,1988),andKiparsky (1979,1982b,
2002).Needlessto say, Pøan. ini did not work in isolation.Much like Euclid, hebuilt
on theinventionsof his predecessors,but his work wassocomprehensive that it ef-
fectively drove theearliermaterialout of circulation.While muchof linguisticshas
aspiredto formal rigor throughouttheages(for theMasoretictradition,seeAronoff
1985,for medieval syntaxseeCovington1984),thecontinuousline of development
that culminatesin contemporaryformal grammarbegins with BloomÞeldÕs (1926)
Postulates(seeSection3.1),with themostimportantmilestonesbeingHarris(1951)
andChomsky (1956,1959).

Anotherimportantline of research,only brießyalludedto above,couldbecalled
mathematicalantilinguistics,its goal being the elimination, ratherthan the expla-
nation,of the peculiaritiesof naturallanguagefrom the system.The early history
of the subjectis discussedin depthin Eco (1995); the modernmathematicalde-
velopmentsbegin with FregeÕs (1879)systemof ConceptWriting (Begriffsschrift),
generallyconsideredthe foundingpaperof mathematicallogic. Thereis no doubt
thatmany greatmathematiciansfrom Leibniz to Russellwereextremelycritical of
naturallanguage,usingit morefor counterexamplesandcautionarytalesthanasa
part of objective reality worthy of formal study, but this critical attitudehasall but
disappearedwith the work of Montague(1970a,1970b,1973).Contemporaryde-
velopmentsin model-theoreticsemanticsor ÔMontaguegrammarÕarediscussedin
Chapter6.

Major summariesof thestateof theart in mathematicallinguisticsincludeJakob-
son(1961),Levelt (1974),Manaster-Ramer(1987),andthesubsequentMathemat-
ics of Language(MOL) conferencevolumes.We will have many occasionsto cite
KrachtÕs (2003)indispensablemonographTheMathematicsof Language.

The volumesabove aregenerallymoresuitablefor the researcheror advanced
graduatestudentthanfor thoseapproachingthesubjectasundergraduates.To some
extent,themathematicalprerequisitescanbelearnedfrom thegroundup from clas-
sic introductorytextbookssuchasGross(1972)or Salomaa(1973).Gruska(1997)
offers a more modernand, from the theoreticalcomputerscienceperspective, far
morecomprehensive introduction.The bestelementaryintroductionto the logical
prerequisitesis Gamut(1991).The discretesideof the standardÒmathematicsfor
linguistsÓcurriculum is convenientlysummarizedby Parteeet al. (1990),and the
statisticalapproachis clearlyintroducedby ManningandSch¬utze(1999).Thestan-
dard introductionto patternrecognitionis Dudaet al. (2000).Variableruleswere
introducedin CedergrenandSankoff (1974)andsoonbecamethestandardmodel-
ing methodin sociolinguisticsÐweshalldiscussthemin Chapter5.
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The elements

A primaryconcernof mathematicallinguisticsis to effectively enumeratethosesets
of words,sentences,etc., that play someimportant linguistic role. Typically, this
is doneby meansof generating the set in question,a deÞnitionalmethodthat we
introducein Section2.1 by meansof examplesandcounterexamplesthatshow the
similaritiesandthe differencesbetweenthe standardmathematicaluseof the term
ÔgenerateÕandtheway it is employedin linguistics.

Becausethe techniquesusedin deÞningsets,functions,relations,etc.,arenot
always directly useful for evaluatingthem at a given point, an equally important
concernis to solve the membershipproblemfor the sets,functions,relations,and
otherstructuresof interest.In Section2.2we thereforeintroducea varietyof gram-
mars that can be usedto, amongother things,createcertiÞcatesthat a particular
elementis indeeda memberof theset,getsmappedto aparticularvalue,standsin a
prescribedrelationto otherelementsandsoon, andcomparegenerative systemsto
logical calculi.

Sincegenerativegrammaris mostfamiliar to mathematiciansandcomputersci-
entistsasa setof ratherlooselycollectedstring-rewriting techniques,in Section2.3
we give a brief overview of this domain.We put theemphasison context-sensitive
grammarsboth becausethey play an importantrole in phonology(seeChapter3)
andmorphology(seeChapter4) andbecausethey provide an essentialline of de-
fenseagainstundecidabilityin syntax(seeChapter5).

2.1 Generation

To deÞnea collectionof objects,it is often expedientto begin with a Þxed setof
primitiveelementsE andaÞxedcollectionof rules(weusethistermin abroadsense
thatdoesnot imply strictprocedurality)R thatdescribepermissiblearrangementsof
the primitive elementsas well as of more complex objects.If x; y; z are objects
satisfyinga (binary)rule z D r .x ; y /, we saythatz dir ectly generatesx andy (in
this order)andusethenotationz ! r xy . Thesmallestcollectionof objectsclosed


