Preface

Mathematicalinguisticsis rootedbothin Euclid® (circa325D269BCE) axiomatic
methodandin Parini® (circa 520046(BCE) methodof grammaticaldescription.
To be sure,both Euclid and Parini built upon a considerableébody of knowledge
amassedby their precursorsbut the systematicitythoroughnessandsheerscopeof
the Elementsandthe Ashdhyaydwould placethemamongthe greatestandmarks
of all intellectualhistoryevenif we disregardedthekey methodologicahdvancethey
made.

As we shall see thetwo methodsarefundamentallywery similar: the axiomatic
methodstartswith a setof statementassumedo betrueandtransferdruth from the
axiomsto otherstatementby meansf a bxedsetof logical rules,while themethod
of grammaiis to startwith a setof expressionassumedo be grammaticabothin
form andmeaningandto transfergrammaticaty to otherexpressiondy meanof a
pxedsetof grammaticatules.

Perhapsecaus®ur subjectmatterhasattractedthe efforts of someof the most
powerful minds (of whom we singleout A. A. Markov here)from antiquity to the
presentday, thereis no single easily accessiblantroductorytext in mathematical
linguistics.Indeed,to the mathematiciarthe whole beld of linguistics may appear
to be hopelesslymiredin controversy andneitherthe formidablebody of empirical
knowledgeaboutlanguagesior the standardf linguistic agumentationoffer an
easyentry point.

Thosewith amorepostmoderrbentmayevengo asfar asto doubtthe existence
of a solid coreof mathematicaknowledge,often pointing at the falsetheoremsand
incompleteor downright wrong proofsthat slip throughthe peerreview processat
a perhapsalarmingrate. Ratherthan attemptingto drowvn suchdoubtsin rivers of
philosophicalink, the presentvolumewill simply proceedmore geometricoin ex-
hibiting this solid core of knowledge.In Chapters3b6,a mathematicabverview of
thetraditionalmain branche®f linguistics,phonology morphology syntax,andse-
mantics,is presented.
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Who should readthis book?

The book is acessibleto anyone with sufbcient generalmathematicalmaturity
(graduateor advancedundegraduate).No prior knowledge of linguistics or lan-
guagess assumedn the part of the reader The book offers a single entry point
to the centralmethodsandconceptof linguisticsthataremadelargely inaccessible
to the mathematiciangomputerscientist,or engineetby the surprisinglyadwersarial
style of agumentation(seeSectionl.2), the appareniack of adequatedebnitions
(seeSectionl.3), andthe proliferationof unnmotivatednotationandformalism (see
Sectionl.4) all too oftenencounteredh researctpapersandmonographsn the hu-
manities Thoseinterestedn linguisticscanlearnagreatdealmoreaboutthesubject
herethanwhatis coveredin introductorycoursegust from readingthroughthe book
andconsultingthe referencegited. Thosewho planto approacHinguistics through
thisbookshouldbewarnedn advancethatmary branchesf linguistics,in particular
psycholinguisticschild languageacquisition,andthe study of languagepathology
arelargely ignoredherebnot becausehey areviewedasinferior to otherbranches
but simply becaus¢hey do notoffer enoughgristfor themathematiciars@nill. Much
of whatthelinguistically naive reademay Pndinterestingaboutlanguagdurnsout
to be morepertinentto cognitive sciencethe philosoply of languageandsociolin-
guistics thanto linguisticsproper andthelntroductiongivesthesdssuegheshortest
possibleshrift, discussinghemonly to the extentnecessaryor disentangiig math-
ematicallinguisticsfrom otherconcerns.

Corverselyissueghatlinguistssometimewiew asperipherako their enterprise
will getmorediscussiorheresimply becauséhey offer sucharich variety of math-
ematicaltechniguesind problemsthat no book on mathematicalinguisticsthatig-
noredthemcouldbeconsideredomplete After abrief review of informationtheory
in Chapter7, we will devote Chapters3 and9 to phoneticsspeechrecognition.the
recognitionof handwritingandmachineprint, andin generalto issuesof linguistic
signalprocesig and patternmatching,including information extraction,informa-
tion retrieval, and statisticalnaturallanguageprocessingOur treatmentassumes
bit more mathematicamaturity thanthe excellenttextbooksby Jelinek(1997)and
ManningandSctutze(1999)andintendsto complenentthem.Kracht(2003)cornve-
niently summarizesandextendsmuchof the discrete(algebraicandcombinatorial)
work on mathematicalinguistics.It is only becaus®f thetimely appearancef this
excellentreferencework that the brstsix chapterscould be keptto a manageable
sizeandwe could devote more spaceto the continuous(analyticand probabilistic)
aspectof the subject.In particular expository simplicity would often dictat that
we keeptheunderlyingparametespacediscrete,but in thelaterchaptersve will be
concentratingnore on the caseof continuousparametersand discussthe issueof
quantizatiodossesexplicitly.

In the early daysof computerstherewas a greatdeal of overlap betweenthe
concern®f mathematicalinguisticsandcomputerscienceanda surprisingamount
of work thatbeganin one peldendedup in the other sometimesxplicitly aspart
of computationalinguistics,but often asgeneraltheorywith its rootsin linguistics
largely forgotten.In particular the basictechniquesof syntacticanalysisare now
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Prmly embeddedn the computersciencecurriculum, and the studentcan already
choosdrom alargevarietyof textbooksthatcover parsingautomaa, andformallan-
guagetheory Herewe singleout the classicmonographby Salomag1973),which
shaws the connectionto formal syntaxin a way readily accessiblgo the mathe-
matically mindedreader We will selectvely cover only thoseaspectf this beld
thataddresspecibcallylinguistic concernsandagain our guiding principlewill be
mathematicatontent,asopposedo algorithmicdetail. Readersnterestedn theal-
gorithmsshouldconsultthe mary excellentnaturallanguageprocessingextbooks
now available,of whichwe singleout Jurafsk andMartin (2000,with anew edition
plannedn 2007).

How is the book organized?

To the extentfeasiblewe follow the structureof the standardntroductorycoursego
linguistics,but the emphasiwill oftenbe on pointsonly coveredin moreadvanced
coursesThebookcontinsmary exercisesTheseare,for themostpart,ratherhard
(overlevel 30 in the systemof Knuth 1971)but extremelyrewarding.Especiallyin
the later chaptersthe exercisesare often basedon classicaland still widely cited
theoremsso the solutionscan usually be found on the web quite easily simply by
consultingthe referencesited in the text. However, readersare strongly advised
not to follow this route beforespendingat leasta few daysattackingthe problem.
Unsolwed problemspresenteasexercisesaremarked by an asteriska symbolthat
we also usewhen presentingexamplesand counter@amplesthat native spealers
would generallyconsiderwrong (ungrammatical)Scoseseis a great director is
a positive (grammaical) examplewhile *Scorsesea great director is is a negative
(ungrammaticalxample. Someexercisesmarkedby adagger , requirethe ability
to manipulatesizeabledatasets,but no in-depthknowledgeof programmingdata
structurespr algorithmsis presumedReadersvho write codeeffortlesslywill bPnd
theseexercisesasyasthey rarelyrequiremorethanafew simplescripts.Thosewho
Pndsuchexercisesproblematiccanomit thementirely They mayfail to gain direct
appreciatiorof someempiricalpropertief languagehatdrive muchof theresearch
in mathematicalinguistics,but the researchtself remainsperfectlyunderstandable
evenif themotivationis takenon faith. A few exercisesaremarkedby araisedM B
thesearemajorresearclprojectsthereadeiis not expectedto seeto completion but
spendinga few daysonthemis still valuable.

Becausdrom timeto time it will be necessaryo give examplesfrom languages
thatareunlikely to be familiar to the averageundegraduateor graduatestudentof
mathematicsye decided,somavhatarbitrarily, to split languagesnto two groups.
Major languagesrethosethathave achapteiin Comrie€(1990) TheWbrld@ Major
Languayesbthesewill befamiliar to mostpeopleandareleft unspecibeth thetext.
Minor languagesisuallyrequiresomedocumentationhothbecauséanguagemames
aresubjecto agreatdealof spellingvariationandbecauselifferentgroupsof people
may usevery differentnamesfor oneandthe samelanguageMinor languagesre
thereforeidentipedhereby their three-letterEthnologuecode (15th edition, 2005)
givenin squarebraclets]].
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Eachchapterendswith a sectionon further reading.We have endeaored to
malke the centralideasof linguistics accessiblgo thosenew to the beld, but the
discussiorofferedin thebookis oftenskeletal,andreadersareurgedto probefurther.
Generallywe recommendhosepapersandbooksthatpresentedheideafor theprst
time, not just to give propercreditbut alsobecauséheseoften provide perspectie
andinsightthatlaterdiscussionsake for granted Readersvho industriouslyfollow
the recommendationmadehereshoulddo so for the benebtof learningthe basic
vocalulary of the beldratherthanin the belief that suchreadingwill immediately
placethemattheforefrontof research.

Thebestwayto readthis bookis to startatthebeginningandto progresdinearly
totheend,but thereademvhois interestednly in a particularareashouldnot Pndit
too hardto jumpin atthestartof ary chapterTo facilitateskimmingandalternatie
readingplans,a generousamountof forward and backward pointersare provided
Din a hypertet edition thesewould be replacedby clickable links. The material
is suitablefor an aggressiely pacedone-semesterourseor a moreleisurelypaced
two-semestecourse.
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Intr oduction

1.1 The subject matter

Whatis mathematicalinguistics? A classicbook on the subject,(Jakobson1961),
containspaperson a variety of subjects,jncluding a catgorial grammar(Lambek
1961),formal syntax(Chomsly 1961, Hiza 1961), logical semantic§Quine 1961,
Curry 1961), phoneticsand phonology (Petersorand Harary 1961, Halle 1961),
Markov models(Mandelbrot1961b),handwriting(Chao1961,Eden1961),parsing
(Oettinger1961, Yngve 1961), glottochronobgy (Gleason1961),andthe philoso-
phy of languaggPutnam1961),aswell asa numberof paperghatareharderto bt
into our currentsystemof scientibcsubbeldsperhapsecausehereis a void now
whereoncetherewascyberneticandsystemgheory(seeHeims1991).

A goodway to understanchow theseseeminglyso disparatebeldscohereis to
proceedy analogyto mathematicaphysics.Hamiltonianseceve agreatdealmore
mathematicahttentionthan,say the studyof generalizedncompleteGammafunc-
tions, becauseof their relevanceto mechanicsnot becausehe subjectis, from a
purely mathematicaperspectie, necessarilynoreinteresting Many partsof math-
ematicalphysicsPnda naturalhomein the studyof differentialequationsbut other
partsbt muchbetterin algebrastatisticsandelsavhere.As we shall see the situa-
tion in mathematicalinguisticsis quite similar: mary partsof the subjectwould bt
nicely in algebraandlogic, but therearemary othersfor which methodsbelonging
to otherbeldsof mathematicaremoreappropriateUltimately the coherencef the
beld,suchasit is, depend®n the coherencef linguistics.

Becausef the enormousmpactthatthe works of NoamChomslk andRichard
Montaguehad on the postwar developmentof the discipline,thereis a strongten-
deng, obsenablebothin introductorytexts suchasParteeet al. (1990)andin re-
searchmonographsuchasKracht(2003),to simply equatenathematicalinguistics
with formal syntaxand semanticsHere we take a broaderview, assigningsyntax
(Chapters) andsemanticgChapter6) no greaterscopethanthey would receve in
ary book that covers linguistics as a whole, and devoting a considerableamount
of spaceto phonology(Chapter2), morphology(Chapter3), phonetic§ Chapters3
and9), andotherareasof traditionallinguistics.In particular we make surethatthe
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reademwill learn(in Chapter7) the centralmathematicaldeasof informationtheory
andalgorithmiccompleity that provide the foundationsof muchof the contempo-
rary work in mathematicalinguistics.

This doesnot mean,of course that mathematicalinguisticsis a disciplineen-
tirely withoutboundariesSincealmostall socialactivity ultimatelyrestson linguis-
tic communicationthereis a greatdealof temptatiorto reduceproblemsfrom other
Peldsof inquiry to purelylinguistic problemsInsteadof understandingchizoidbe-
havior, perhapsve shouldbrstponderwhatthe phrasemultiple personalitymeans.
Mathematicslreadyprovidesareasonabl@otionof Omultiple®ut whatis Operson-
alityOandhow cantherebe morethanoneper personTana properunderstanding
of thesufpxes-al and-ity bethekey? This line of inquiry, predatingthe Schoolmen
andgoing backat leastto the chengming (rectibcationof names)octrineof Con-
fucius, hasa clearand corvincing rationale(The Analects13.3,D.C. Lau transl.):

Whennamesarenot correct,whatis saidwill not soundreasonableywhen
whatis saiddoesnotsoundreasonablegffairswill notculminatein success;
whenaffairs do not culminatein successtites andmusicwill not Rourish;
whenrites and music do not Bourish,punishmentswill not bt the crimes;
whenpunishmentslo not bt the crimes,the commonpeoplewill not know
whereto puthandandfoot. Thuswhenthegentlemamamessomethingthe
nameis sureto beusablen speechandwhen he sayssomethinghisis sure
to be practicable The thing aboutthe gentlemanis that he is anything but
casualWwherespeechs concerned.

In reality, linguistics lacks the resolvingpower to sene asthe ultimate arbiter of
truth in the socialsciencesjust asphysicslacksthe resolvingpower to explain the
accidentsof biological evolution that madeus human.By applying mathematical
techniquesve canat leastgain someunderstandingf the limitations of the enter
prise,andthisis whatthis book setsoutto do.

1.2 Cumulative knowledge

It is hardto Pndary aspetof linguisticsthatis entirely uncontraversial,andto the
mathematiciarlesssteepedn the broadtradition of the humanitiesit may appear
that linguistic controversiesare often settledon purely rhetoricalgrounds.Thusit
may seemadvisableandonly fair, to give both sidesthe full opportunityto express
theirviewsandlet thereadebethejudge.But suchabookwouldrunto thousandef
pagesandwould beof far moreinteresto historiansof sciencehanto thoseactually
intendingto learnmathematicalinguistics.Thereforewe will notnecessarilyaccord
equalspaceo bothsidesof suchcontroversiesjndeedoftenwe will presentaisingle
view andwill proceedvithoutevenattemptingo discussalternatie waysof looking
atthematter

Sincepartof our goalis to orientthe reademot familiar with linguistics, typi-
cally wewill presenthemajority view in detailanddescribethe minority view only
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tersely For example,Chapter4 introducesthe readerto morphologyandwill rely
heavily on the notion of the morphemeb the excellentbook by Anderson(1992)
derying theutility, if notthevery existence pf morphemeswill berelegatedto foot-
notes.In somecaseswhenwe feel that the minority view is the correctone, the
emphasiswill beinverted:for example,Chapter6, dealingwith semanticsis more
informedby the Osuececompositional@hanthe OlogicalormOview. In othercases,
particularlyin Chapter5, dealhgwith syntax,we felt thatsucha bewildering variety
of frameworksis availablethatthereadeis bettersenedby animpartialanalysighat
triesto bring out the commoncorethanby in-depthformalizationof any particular
strandof research.

In generalpur goalis to presentinguisticsasa cumulatve body of knowledge.
In orderto Pnda consistensetof debnitionsthat offer a rationalreconstructiorof
the main ideasand techniquedevelopedover the courseof millennia, it will of-
ten be necessaryo take sidesin variouscontroversies.Thereis no pretensehere
thatmathematicaformulationwill necessarilyendav a particularsetof ideaswith
greaterverity, and often the opposingview could be formalizedjust aswell. This
is particularly evidentin thosecaseswvheretheoriesdiametricallyopposedn their
meansactuallyshareacommongoalsuchasdescribingall andonly thewell-formed
structureqe.g.syllableswords,or sentences)f languagesAs aresult,we will see
discussionsf mary Ominority@eories suchascasegrammaror generatre seman-
tics, which are generallybelieved to have lessformal contentthantheir Omajority®
counterparts.

1.3 Debnitions

For the mathematiciandepnitionsare nearly synorymouswith abbreiations: we
sayOtriagleOnsteadof describingthe peculiararrangemendf pointsandlinesthat
depbnat, Opolynomiali@steadof goinginto along discussioraboutterms,addition,
monomialsmultiplication, or the underlyingring of coefcients andsoforth. The
only sanitycheckrequiredis to exhibit aninstancetypically anexplicit set-theoretic
constructionto demonstrat¢hatthe dePnedbjectindeedexists. Quite often,coun-
terfactual objectssuchasthe smallestgroup K not meetng somedescription,or
objectswhoseexistenceis not known, suchasthe smallestnontrivial root of ! not
onthecritical line, will play animportantrole in (indirect) proofs,andoccasionally
we Pndcasessuchasmotiviccohomolagy, wherethewholeconceptuabpparatuss
in doubt.In linguistics,thereis rarely ary seriousdoubtaboutthe existenceof the
objectsof inquiry. Whenwe strive to debPneDwrdOwe give a mathematicaformu-
lation not somuchto demonstratéhatwordsexist, for we know perfectlywell that
we usewordsbothin spolenandwritten languagebut ratherto handlethe oddand
unexpectedcasesThereaderis invited to constructa debnitionnow andto write it
down for comparisorwith theeventualdepbnitionthatwill emegeonly afterarather
comple discussionn Chapter4.

In thisrespectmathematicalinguisticsis very muchlik e theempiricalsciences,
whereformulatinga depnitioninvolvesat leastthreedistinctstepsanostensivelef-
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inition basedon positive andsometimesegative examples(vitriol is anacid, lye is
not), followedby anextensivedepbnitiondelineatingheintendedscopeof thenotion
(every chemicalthat forms a salt with a baseis an acid), andthe intensivedepni-
tion thatexposeghe underlyingmechanim (in this case covalentbonds)emenging
ratherlateasaresultof along procesof abstractiorandanalysis.

Throughoutthe book, the brst signibcantinstanceof key notionswill appear
in italics, usuallyfollowed by ostensie examplesand countergamplesin the next
few paragraphs(ltalics will alsobe usedfor emphasisaandfor typesettinginguis-
tic examples.)The empirical obsenablesassociatedvith thesenotionsare always
discussedbut textbook debnitionsof an extensve sort arerarely given. Rather a
mathematicahotion thatsenesasa stand-inwill be debPnedn arigorousfashion:
in the debningphrase the samenotion is given in boldface Wherean adequate
mathematicalormulationis lackingandwe proceedy sheeranalogythekey terms
will be slantedb suchcasesare bestthoughtof asopenproblemsin mathematical
linguistics.

1.4 Formalization

In mathematicalinguistics,asin any branchof appliedmathematicgheissueof for-
malizing semiformallyor informally statedtheoriescomesup quite often. A prime
exampleis the study of phrasestructure,where Chomsly (1956)took the critical
stepof replacingtheinformally developedsystemof immediateconstituentnalysis
(ICA, seeSection5.1) by the rigorously debnedcontet-free grammar(CFG, see
Section2.3) formalism.Besidesimproving our understandingf naturallanguage,
aworthy goalin itself, the formalizationopenedthe door to the moderntheory of
computedanguagesindtheir compilers.Thisis notto saythatevery advancein for-
malizinglinguistic theoryis likely to have a similarly spectaculapayof, but clearly
the informal theoryremainsa treasure-housmasmuchasit capturesmportantin-
sightsaboutnaturallanguageWhile notentirelycomparabléo biological systemsn
ageanddepth,naturallanguageembodiesa signibPcanamountof evolutionaryopti-
mization,andartibcialcommunicatiorsystemsanbenebfrom thesedevelopments
only to theextentthattheinformal insightsarecapturedoy formal methods.

The quality of formalizaion dependsoth on the degreeof faithfulnessto the
original ideasand on the mathematicakleganceof the resultingsystem.Because
the proper choice of formal apparatuds often a complex matter linguists, even
thoseas evidently mathematical-mindeds Chomsly, rarely describetheir models
with full formal rigor, preferringto leave the job to the mathematiciansgomputer
scientistsandengineersvho wish to work with their theories.Choosingthe right
formalismfor linguistic rulesis oftenvery hard. Thereis hardly any doubtthatlin-
guistic behavior is govemedby ratherabstractrulesor congraintsthat go well be-
yond what systemdimited to memorizingpreviously encounteregxamplescould
explain. Whethertheseruleshave a stochasticaspects far from settled:engineer
ing applicationsaredominatedby modelsthatcrucially rely on probabilities while
theoreticamodels,with the notableexceptionof thevariablerulesusedin sociolin-
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guistics(seeSections.4.3),rarelyincludeconsiderationselating to thefrequeng of
variousphenomenaTlhe only way to shedlight on suchissuess to developalterna-
tive formalizationsandcomparetheir mathematicaproperties.

Thetensionbetweerfaithfulnesgo the empiricaldetailsandthe eleganceof the
formal systemhaslong beenfamiliar to linguists: Sapir (1921) alreadynotedthat
OallgrammardeakO0OnesigniPcanadwantagethat probabilisticmethodshave over
purely symbolic techniquess that they comewith their own built-in measureof
leakinesqseeSection5.4). 1t is never a trivial matterto Pndthe appropriatedegree
of idealizationin pursuitof theoreticalelegance,andall we cando hereis to offer a
coupleof corvenientstand-indor the very real but still somevhatelusive notion of
elegance.

The brststand-in,heldin particularly high regard in linguistics, is brevity. The
contemporargloganof algorithmiccompleity (seeSection7.2),thatthebesttheory
is theshortestheory couldhave beeninventedby Panini. Theonly concessiomost
linguistsarewilling to make is that someof the compleity shouldbe ascribedto
principlesof universal grammar(UG) ratherthanto the parochial rulesspecibdo a
givenlanguageandsincethe universalcomponentanbeamortizedover mary lan-
guageswe shouldmaximizeits explanatoryburdenat the expenseof the parochial
component.

The secondstand-inis stability in the sensethatminor perturbation®f the deb-
nition leadto essentialljthe samesystem Stability hasalwaysbeenhighly regarded
in mathematicsfor example, Birkhoff (1940)spentsignibcanteffort on establishing
thevalueof latticesaslegitimate objectsof algebraicinquiry by investicating alter
native debnitionghatultimatelyleadto the sameclassof structuresTherearemary
waysto formalizeanidea,andwhensmallchangesn emphasihave a very signib-
cantimpacton the formal propertiesof the resultingsystemijts mathematicalalue
is in doubt.Corversely whenvariantsof formalismsasdifferentasindexed gram-
mars(Aho 1968),combinatorycateorial grammarnSteedmar2001),headgrammar
(Pollard 1984), and tree adjoining grammar(Joshi2003) debPnethe sameclassof
languagesthe valueof eachis signibpcantlyenhanced.

Oneword of cautionis in order:thefactthatsomeideais hardto formalize,or
even seemsso contradictorythat a coherentmathematicaformulationappearsm-
possible canbe a rel3ectionon the stateof the art just aswell ason the ideaitself.
Startingwith Berkeley (1734),the intuitive notion of inPnitesimalswvas subjected
to all kinds of criticism, andit took over two centuriesfor mathematicso catchup
andprovide anadequatdoundationin Robinson(1966).1t is quite concevablethat
equallyintuitive notions,suchasa semanticheoryof information which currenty
eludeour mathematicagrasp,will be put on brmfoundationsby later generations.
In suchcaseswe contentourseheswith explaining the ideainformally, describing
the mainintuitions andpointing at possibleavenuesof formalizationonly program-
matically.
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1.5 Foundations

For the purpose®f mathematicalinguistics,the classicafoundationsof mathemat-
ics are quite satishctory: all objectsof interestare sets,typically bniteor, rarely,
denumerablyinbnite. This is not to say that nonclassicametamathematicabols
suchasHeyting algebrasondno usein mathematicalinguisticsbut simply to assert
thatthe fundamentalssueof this bPeldarenot foundationabut debnitional.

Giventhe Pnitistic natureof the subjectmatter we will in generalusetheterms
set, class,and collection interchangeablydraving explicit cardinality distinctions
only in therarecasesvherewe stepout of the Pnitedomain.Much of the classical
linguistic literatureof coursepredatesCantor and eventhe modernliteraturetypi-
cally concevesof inbPnityin the Gaussiamannerof apotentialasopposedo actual,
Cantorianinbnity. Becausef immediateempiricalconcernsdenumerablgeneral-
izationsof bPniteobjectssuchas! -wordsandBuchi automataarerarelyused! and
in fact even the trivial stepof generalizingfrom a bxed constantto arbitraryn is
oftenviewedwith greatsuspicion.

Aside from the tradition of Indian logic, the study of languagesad very little
impacton the foundationsof mathematicsRather mathematiciansealizedearly
on that naturallanguageis a complex andin mary waysunreliableconstructand
createdtheir own simpliPedlanguageof formulasandthe mathematicatechniques
to investicateit. As we shall see,someof thesetechniquesare generalenoughto
cover essentiafacetsof naturallanguageswhile othersscalemuchmorepoorly.

Thereis aninterestingresidueof foundationalwork in the Berry, Richard,Liar,
andotherparadoxs,which are often viewed asdiagnosticof the vaguenessambi-
guity, or even Oparadoxicalature®f naturallanguage Sincethe goalis to develop
a mathematicatheoryof languagesooneror later we mustdebPneEnglishin a for-
mal system Oncethis is done,the buck stopsthere,andquestiondike Owhais the
smallesintegernot nameablén tenwords?Meedto be addressednan.

We shall begin with the seeminglysimplerissueof the bPrstnumbernot name-
ablein oneword. Sinceit appeargo be one hundredand one,a numberalready
requiring four wordsto name,we shouldsystematicallyinvestigate the numberof
wordsin numbemamesTherearetwo mainissuedo considerwhatisaword?(see
Chapterd); andwhatis a name?seeChapter6). Anotherformulationof the Berry
paradoxinvokesthenotionof syllablesthesearealsodiscussedn Chapterd. Even-
tually we will dealwith the paradoesin Chapter6, but our treatmentconcentrates
onthelinguistic, ratherthanthe foundationaljssues.

1.6 Mesoscopy

Physicists speakof mesoscopisystemswhen thesecontain,say bfty atoms,too
largeto begivenamicroscopiquantum-mechanicaescriptiorbut too smallfor the
classicalmacroscopigropertieso dominatethe behavior of the system Linguistic

1 For acontraryview, seeLangendoemndPostal(1984).
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systemsare mesoscopicén the samebroadsensethey have thousand®f rulesand
axiomscomparedvith the handfulof axiomsusedin mostbranche®f mathematics.
Grouptheoryexplorestheimplicationsof bve axioms,arithmeticandsettheoryget
along with bve andtwelve axiomsrespectrely (not countingmembersof axiom
schemeseparately)and the mostcomple« axiom systemin commonuse,that of
geometryhaslessthanthirty axioms.

It comesasno surprisethatwith sucha large numberof axioms,linguistic sys-
temsare never pursuedmicroscopicallyto yield implicationsin the samedepthas
grouptheoryor evenlesswell-developedbranche®f mathematicsWhatis perhaps
moresurprisingis thatwe cangetreasonabl@pproximation®f the behaior atthe
macroscopidevel usingthe statisticaltechniquegioneeredoy A. A. Markov (see
Chapters and8).

Statisticalmechanic®wesits successargely to thefactthatin thermodynamics
only a handfulof phenomenologicgbarametersre of interest,andthesearerela-
tively easyto link to averagesof mechanicabuantities.In mathematicalinguistics
the averageghat matter(e.g. the percentagef words correctly recognizedor cor
rectly translated)are linked only very indirectly to the measurabl@arametersof
whichthereis suchabewildering varietythatit requiresspeciatechniqueso decide
which onesto employ andwhich onesto leave unmodeled.

Macroscopidechniquesby their very nature canyield only approximationgor
mesoscopicystemsMicroscopictechniquesthoughin principle easyto extendto
themesoscopidomain,arein practicealsoproneto all kinds of bugs,rangingfrom
plain errorsof fact(which arehardto avoid oncewe dealwith thousandsf axioms)
to moresubtle,andoftensystematicerrorsandomissionsReadersnayatthis point
feelvery uncomfortablewith theideathata givensystemis only 70%,95%,0r even
99.99%correct.After all, isn®a singlecontradictionor empirically falseprediction
enoughto renderatheoryinvalid? Sincewe needa whole bookto developthetools
neededo addresshis questionthefull answemwill have to wait until Chapterl0.

Whatis clearfrom the outsetis that naturallanguage®ffer an unparalleledra-
riety of complex algebraicstructuresThe closestexampleswe canthink of arein
crystallographidopology but theinternalcompleity of the groupsstudiedthereis
a productof pure mathematicswhile the internalcompleity of the syntacticsemi-
groupsassociatedo naturallanguagess moreattractive to the appliedmathemati-
cian,asit is somethingoundin vivo. Perhapshe mostcaptvatingaspecbf mathe-
maticallinguisticsis not just the existenceof discretemesoscopistructuresut the
factthatthesecomeembeddedin wayswe do not fully understandin continuous
signals(seeChapter9).

1.7 Further reading

The brstworksthatcan,from a modernstandpoint,be calledmathematicalinguis-
tics areMarkov@® (1912)extensionof the weaklaw of large numbergseeTheorem
8.2.2) and Thue®(1914) introductionof string manipulation(seeChapter2), but
prideof placemustgoto Parini, whoseinventionsincludenotjustgrammatiel rules
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but alsoa formal metalanguag# describethe rulesanda setof principlesgovern-
ing their interaction.For modernaccountf variousaspect®f the systemseeStaal
(1962,1967)Cardona1965,1969,1970,1976,1988),andKiparsky (1979,1982b,
2002).Needlesgo say Parini did not work in isolation.Much like Euclid, he built

ontheinventionsof his predecessordut his work wasso comprehensie thatit ef-

fectively drove the earliermaterialout of circulation.While muchof linguisticshas
aspiredto formalrigor throughouthe ages(for the Masoretictradition, seeAronoff

1985, for medieval syntaxseeCovington1984),the continuoudine of development
that culminatesin contemporaryformal grammarbegins with Bloombeld(1926)
PostulategseeSection3.1), with themostimportantmilestonesdeingHarris (1951)
andChomsly (1956,1959).

Anotherimportantline of researchonly brieRyalludedto abore, couldbecalled
mathematicahntilinguistics,its goal being the elimination, ratherthan the expla-
nation, of the peculiaritiesof naturallanguagefrom the system.The early history
of the subjectis discussedn depthin Eco (1995); the modernmathematicade-
velopmentsegin with Frege®(1879)systemof ConceptWriting (Begriffsschrift),
generallyconsideredhe founding paperof mathematicalogic. Thereis no doubt
thatmary greatmathematiciangrom Leibniz to Russellwere extremely critical of
naturallanguageusingit morefor countergamplesand cautionarytalesthanasa
partof objectie reality worthy of formal study but this critical attitudehasall but
disappeareavith the work of Montague(1970a,1970b,1973). Contemporaryde-
velopmentsn model-theoreticsemanticsor OMontagugrammar@re discussedn
Chapter6.

Major summarie®f thestateof theartin mathematicdinguisticsincludeJalob-
son(1961),Levelt (1974),ManasteiRamer(1987),andthe subsequentiathemat-
ics of LanguaggMOL) conferencevolumes.We will have mary occasiongo cite
Kracht®(2003)indispensablenonographTheMathematicof Language.

The volumesabore are generallymore suitablefor the researcheor advanced
graduatestudentthanfor thoseapproachindghe subjectasundegraduatesTo some
extent,the mathematicaprerequisiteganbelearnedfrom the groundup from clas-
sic introductorytextbookssuchas Gross(1972)or Salomaa1973).Gruska(1997)
offers a more modernand, from the theoreticalcomputerscienceperspecitie, far
more comprehensk introduction. The bestelementaryintroductionto the logical
prerequisitess Gamut(1991). The discreteside of the standardOmathematictor
linguistsCeurriculumis corveniently summarizecby Parteeet al. (1990), and the
statisticalapproachs clearlyintroducedby ManningandSchuitze (1999).The stan-
dardintroductionto patternrecognitionis Dudaet al. (2000). Variableruleswere
introducedin Cedegrenand Sanloff (1974)andsoonbecamethe standardnodel-
ing methodin sociolinguisticsbwe shalldiscusghemin Chapters.
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The elements

A primary concernof mathematicalinguisticsis to effectively enumeratéhosesets
of words, sentencesetc., that play someimportantlinguistic role. Typically, this
is doneby meansof generting the setin question,a debnitionalmethodthat we
introducein Section2.1 by meansof examplesand counter@gamplesthat shaov the
similaritiesandthe differenceshetweenthe standardnathematicaliseof the term
Ogenerateddtheway it is emplo/edin linguistics.

Becausehe techniqueausedin debningsets,functions,relations,etc., are not
always directly useful for evaluatingthem at a given point, an equally important
concernis to solve the membershigroblemfor the sets,functions,relations,and
otherstructureof interest.In Section2.2we thereforeintroducea variety of gram-
mars that can be usedto, amongother things, createcertibcateghat a particular
elements indeeda memberof the set,getsmappedo a particularvalue,standsn a
prescribedelationto otherelementsandso on, andcomparegeneratre systemgo
logical calculi.

Sincegeneative grammaris mostfamiliar to mathematicianandcomputersci-
entistsasa setof ratherlooselycollectedstring-renriting techniquesin Section2.3
we give a brief overview of this domain.We put the emphasi®n contet-sensitve
grammarsboth becausehey play animportantrole in phonology(seeChapter3)
and morphology(seeChapter4) and becausehey provide an essentialine of de-
fenseagainstundecidabilityin syntax(seeChapters).

2.1 Generation

To debnea collection of objects,it is often expedientto begin with a Pxed setof
primitive element& andabxedcollectionof rules(we usethistermin abroadsense
thatdoesnotimply strict procedurality)R thatdescribepermissiblearrangementsf
the primitive elementsas well as of more complex objects.If X;y;z are objects
satisfyinga (binary)rulez D r.x;y/, we saythatz dir ectly generatesx andy (in
this order)andusethe notationz ! ; xy. Thesmallestcollectionof objectsclosed



